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0.1 VC Dimension

What about infinite hypothesis classes? It turns out we can still PAC learn them, so long
as they have finite Vapnik-Chervonenkis (VC) dimension.

Definition 0.1 (Shattering). A hypothesis class H is said to shatter a set of points C' =
{1,..., 2} C X if for every possible labeling {y1,...,yn} € {0,1}™, there exists a hypoth-
esis h € ‘H such that h(x;) = y; for all ¢ € [m]. That is, H can realize any of the 2™ possible
dichotomies of C.

For example, consider the class of linear classifiers in R%2. A linear classifier in R? is a
function h : R? — {0,1} of the form h(z) = 1w -z + b > 0] for some w € R? and b € R.
The decision boundary is the hyperplane {z : w -z + b = 0}. In R?, this is a line. Any set
of 3 non-collinear points can be shattered.

Proof. Let the three non-collinear points be x;, z2, x5 € R%2. We must show that for any of
the 23 = 8 possible labelings, we can find a line that correctly classifies the points.

e All points have the same label (e.g., (0,0,0) or (1,1,1)): We can draw a line
that does not pass through any point, leaving all points on one side. This line classifies
all points as 0 (or 1, by flipping the decision rule).

e One point has a different label from the other two (e.g., (1,0,0)): Suppose x;
is labeled 1 and x,, x3 are labeled 0. Since the points are non-collinear, they form a
triangle. We can draw a line that separates the vertex x; from the side formed by the
line segment connecting x5 and x3. This line correctly classifies the points. The same
logic applies to the labelings (0,1,0), (0,0,1), and their complements (0,1,1), (1,0,1),
(1,1,0).

Since all 8 dichotomies can be realized, the set of 3 non-collinear points is shattered. O

Definition 0.2 (VC Dimension [Vapnik and Chervonenkis, 1971]). The VC' dimension of a
hypothesis class H, denoted VC' — dim(H), is the size of the largest set of points that can be
shattered by H. If H can shatter arbitrarily large sets of points, its VC dimension is infinite.



Example: Threshold Functions The class of threshold functions on the real line, H =
{h¢ : t € R} where hy(x) = 1]z > t], has VC dimension 1.

Proof. To show the VC dimension is 1, we must show that there is a set of size 1 that can
be shattered, and no set of size 2 can be shattered.
VC-dim(#) > 1: Consider any single point set C' = {z}. We can achieve the labeling
= 1 by choosing t < z, and the labeling y = 0 by choosing ¢t > x. Since both labelings are
possible, any set of size 1 can be shattered.
VC-dim(#H) < 2: Consider any set of two points C' = {x, 25} with 27 < x5. There are
22 = 4 possible labelings: (0,0), (0,1),(1,1),(1,0).

e (0,0): Choose t > x5. Then hy(x1) = 0 and hy(x2) = 0.

):
e (0,1): Choose t such that x; <t < x9. Then hy(x;) = 0 and hy(zo) = 1.
)E

e (1,1): Choose t < x1. Then hi(x;) =1 and hy(zs) = 1.

e (1,0): This would require hy(z1) = 1 and hy(z2) = 0. This implies z; > ¢ and x5 < t,
which means x; > x5. This contradicts our assumption that z; < .

Since the labeling (1,0) cannot be realized, no set of size 2 can be shattered.
Therefore, the VC dimension of the class of threshold functions is 1. n

For example, the class of linear classifiers (hyperplanes) in R? has VC dimension d + 1.

The key result connecting VC dimension to PAC learnability is the following theorem,
which shows that finite VC dimension is a necessary and sufficient condition for PAC learn-
ability.

Definition 0.3 (Agnostic PAC Learning). A hypothesis class H is agnostically PAC learn-
able if there exists a learning algorithm £ and a polynomial function mg(-,-) such that for
all distributions D over X x ), for all €,§ € (0,1), if m > mg(1/e,1/4), the algorithm L,
given m i.i.d. samples S from D, returns a hypothesis hg € H such that with probability at
least 1 — o:

Rp(hs) < min Rp(h™) +¢

Theorem 0.4 (Fundamental Theorem of PAC Learning). Let H be a hypothesis class of
functions from a domain X to {0,1}. Then H is PAC learnable if and only if it has finite
VC' dimension. Furthermore, if VC — dim(H) = d < oo, for any ERM algorithm L, the
sample complexity for the realizable case is given by

dlog%—i—log%) .

mo(g,0) € O < .

For the agnostic case, the complexity is mo(e,d) € O (%W).



Definition 0.5 (Growth Function). The growth function of a hypothesis class H, denoted
I14(m), is the maximum number of distinct ways that H can classify a set of m points.

My(m) =  max  [{(A(z1),.. h{zm)) : h € H}|

Lemma 0.6 (Sauer’s Lemma). Let ‘H be a hypothesis class with VC — dim(H) = d. Then,
for any m,

My (m) < Z (")

If m > d, this can be further bounded: Z?:o (7?) < (%)d.

Before we begin the proof of today’s main theorem, let’s give a high level sketch of the

proof

1.

D.

approach:

Note that since Rp(h*) =0, Rg(h*) = 0 for any sample S, and so ERM returns must
return a hypothesis hg with Rg(hs) = 0. Therefore we want to bound the probability
of drawing a sample S such that there exists h € H where Rp(h) > ¢, but Rg(h) = 0.

. Introduce another random sample 7' ~ D™ (sometimes called a “ghost sample”). Since

T is random and independent of S, any bad hypothesis should have error at least £/2
on T with good probability.

Relate the probability that S is “bad” for some hypothesis h to the probability that S
is bad for A and T is “representative” for h.

Nothing special about S and 7', they're both sampled i.i.d. from D, probability of
S being bad while T' representative can be bounded by probability that we draw a
sample U of size 2m such that there exists some hypothesis A with Ry (h) > €/4, but
that a random partition of U gives one partition S for which Rg(h) = 0 (balls and bins
argument). Union bound over the Il (2m) possible labelings of U.

Put everything together

Proof of Theorem 0.3 (Realizable Case). Ok let’s start!

Step
Let

1. Define the “bad” set B.

B={SC X :|S| =m and 3h € H such that Rp(h) > ¢, but Rs(h) =0}

be the set of samples that are “bad” in the sense that there exists a bad hypothesis h € H
with zero error on S. We want to bound Prg.pm[S € B].



Step 2: Define the “bad” set B’ with ghost sample T
Now let

B'={(S.T) C X:|8| =|T| =m,3h € H st. Rp(h) > A Rg(h) = 0A Rp(h) > £/2}

be the set of pairs of samples such that there is a “bad” hypothesis h with 0 error on S, but
error at least half its expectation on 7.

Step 3: Show that Prg.pm[S € B] <2Prgrpx[(S,T) € B.

S,TPN)JI_:)%[(S’ T) © B/] B STLEDM[M(S’ T) < B/H
= E [ E [1[(S,T) € Bl| by independence

:AEMEEM~E[M&ﬂ€BW

S~Dm T~Dm™

Note that if S ¢ B, then Er.p=[L1[(S,T) € B']] = 0. However, whenever S € B because
of some hypothesis hg, we know by definition of the set B that Rp(hs) > . Therefore
Er~pm|Rr(hs)] > e. Then

Pr [RT<hs) > 6/2] =1— Pr [RT(hs) < 8/2]

T~Dm T~Dm™

Z 1— Pr [RT(hS) — RD(hs) S —6/2]

T~Dm™

Let p = Rp(hg) > . Then
Pr [Rr(hs) — Rp(hs) < /2] <_Pr [Rr(hs) ~ Rp(hs) < —p/2]

T~Dm

(&
1/2

81n(1/2)
&€

by multiplicative Chernoff bounds so long as m > . Therefore

ngm[RT(hS) > 6/2] > 1/2,

which in turn implies that

Pr [(S,T)e B|= E [L[SeB]- E [1[(S5,T) € B

S, T~D?m S~Dm T~ D™
> | [1[S € B]-1/2]
S~Dm
= 1/255’57”[5’ € B]

and so

Pr [SeB]<2 Pr [(5T)¢€B].
S~Dm S7TND2m



Step 4: Show that Prgp.pen[(S,T) € B'] < e=™/*11y(2m).
We know that

Pr [(S,T)eBl= E [1[(S,T) € B

S, T~D2m S T~ D2m

E [max H[RD(h) > 6] . H[Rs(h) = O] . ﬂ[RT(h) > 6/2]]

S, T~D2m heH

L E | Imaxd[Rs(h) = 0] 1[Re(h) > /2]

S,TLEDQm [I/]zﬂeaﬁ(ﬂ[RS(h) =0]- 1[Rgr(h) > €/4]]

IN

IN

< STE [ Z 1[Rs(h) = 0] - 1[Rsr(h) > /4]]
L Y=

= E, (D 1Rs(h)=0]-1[Ry(h) > /4]
~DE

for any randomly selected subset S’ C U of size m, since the elements of S, T are i.i.d.
Let S" <+~ U(U)™ denote the process of randomly subsampling m elements from U without
replacement.

Pr [(ST)eB]< E [ 1[Rs(h)=0] L[Ry(h) > /4]

S, T~D2m ~2m
U~D heHy

< B E 1SR = 0] 1[Ro(h) > </4]
heHy

= E [Y 1[Ry(h)>¢/4 E 1L[Rg(h)=0]]
U~ D2m vl S'U(U)

< E [ LRu(h) >e/4](1—¢/4)™)]

~D2m
v heHy

< E [Z e—am/él]

~2m
U~D heHy

et B [|Hul]
U~D2m

e =™/, (2m) by definition of Il

e~=™4(2em/d)? from Sauer’s lemma

IN

VARVAN

Step 5: Put everything together.
We want

< N < —em/4 d ~ ]
ngm[s € Bl < 2S,TEEZW[(S’ T) e B <2e (2em/d)* < §

= In2 —em/4+ dIn(2em/d) < In(6)

= em/4 > In2+ dIn(2em/d) + In(1/6)



=m > g(an + dIn(2em/d) 4+ In(1/9))

Taking m € O(dloga(l/ & 4 ln(i/ %) satisfies this inequality.
[

Proof of Sauer’s Lemma. We prove this by induction on m~+d. Let I13(C) = {(h(x1),..., h(zy)) :
h € H} for aset C = {x1,...,2,}.

Base cases: If m = 1, (1) < 2 = (;) + (;) (if d > 1). If d = 0, H contains one
hypothesis, so Iy (m) =1 = (73)

Inductive step: Assume the lemma holds for all pairs (m/,d') with m’ +d < m + d.
Let C = {x1,...,2,} be a set of m points. Let C' = {z1,...,zpn_1}.

Let I14(C") be the set of dichotomies on C’. Let S C IIy(C’) be the set of dichotomies
on C’ that can be extended to two different labelings for x,,. So

S = {ho(l’l), ceey ho(ﬂfm_l) . ho € H/\th € H s.t. ho(l‘l) = hl(ZEZ)VZ S [m—l]/\ho(l‘m) 7é h1(1’m)}

That is, for each s € S, there exist hg, hy € H such that they agree on C” (producing s) but
ho(zm,) =0 and hy(z,,) = 1.
The total number of dichotomies on C' can be counted as:

[M5(C)] = M (C)] + |S]

Now, consider the hypothesis class Hg which gives rise to the dichotomies in S. Any
set shattered by Hg can be extended to shatter that set plus x,, using the original class
H. If Hg shatters a set C” C C" of size k, then H shatters C” U {x,,} of size k + 1. Since
VC(H) =d, we must have k +1 < d, so k <d—1. Thus, VC(Hs) < d—1.

By the induction hypothesis for (m — 1,d) and (m — 1,d — 1):

L ()] < Z (")
S| < My (m — 1) < 2 (mz_l)

Combining these:

M (C) <)

I
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d
Tg) 4 Z (77) (by Pascal’s identity)

Since this holds for any set C' of size m, it holds for the maximum, ITy(m). O

VC Dimension of Various Models
e Linear classifiers in d dimensions: d + 1

e Neural networks with ReLU activation functions and finite precision weights: O(W Llog W)
where W is the number of weights and L is the number of layers [Bartlett et al., 2019]

e Neural networks with periodic activation functions: oo
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