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SQs, PAC learning finite hypothesis classes

Instructor: Jess Sorrell Scribe: Jess Sorrell

1 Statistical Queries

Definition 1.1 (Statistical Queries [Kearns, 1998]). Let X denote a domain. A statistical
query is a function of the form ¢ : X — [0,1]. Let D be a distribution on X. The value of
a statistical query ¢ on D is defined E,.p[¢(x)] (abbreviated Ep[¢]). We will similarly use
the abbreviation Eg[¢] = =3 o é(x).

The inequality we proved last time applies just as well to any statistical query, and so
we have the following theorem.

Theorem 1.2. Fix any domain X, any distribution D, any statistical query ¢ on X. Then
with probability at least 1 — 6 over S ~; ;4 D™,
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It turns out that this statistical query framework captures a lot of our favorite algorithms:
e gradient descent

e Markov chain monte carlo

e PCA

e K-means clustering

can all be expressed as a sequence of statistical queries. Any algorithm that interacts with
its sample exclusively through statistical queries is called a statistical query algorithm. Un-
derstanding the limits of statistical query algorithms is an active area of research in learning
theory!

1.1 Non-Adaptive Statistical Queries

What happens now if we want to make not just one, but multiple statistical queries? Say I
don’t just have one model, but a set H = {h;};_;, and I want to estimate the loss for all of
them. Letting ¢p,(x,y) = ¢(h(x),y), we want
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Claim 1.3. With probability at least 1 — 6 over S ~;;q4 D™,
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2 PAC Learning

Definition 2.1 (Probably Approximately Correct (PAC) Learning [Valiant, 1984]). Fix a
data domain X and let Y = {0,1}. A model class H is PAC learnable if there exists an
algorithm £ and a function myg : (0,1)> — N such that for all distributions D over X x Y,
any £,0 € (0,1), and any m > mq(e,9), letting S ~; ;4 D™ and h < L(S),
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where OPT = minpey Pr(gy)~p[h(x) # y].
Claim 2.2. Finite hypothesis classes H are PAC-learnable for mg(e,0) € O(log(‘gﬂ).

Proof. Consider the following candidate PAC-learning algorithm for a class H.

Algorithm 1 ERM Learner £(S)

for h € H do
Rg(h) = & >0, U(hi(x;), y;)
end for

return argming,,, Rg(h)

Let ¢(h(z),y) = L[h(x) # y] be the 0-1 loss, let h* = argmin, ., Rp(h), and let h =
argming ., Rs(h). To show that this algorithm is a PAC learner for finite hypothesis classes,
we will need to bound the probability that it returns a bad hypothesis, i.e., a hypothesis h
such that Pry, plh(z) # y] > OPT + ¢. Our algorithm returns a hypothesis h such that



Rs(h) < Rg(K) for all b’ € H, so it suffices to bound the probability that there exists some
h € H such that Rg(h) < Rg(h*), but Rp(h) > Rp(h*) + €.

What is the probability that a single hypothesis with population risk greater than O PT+¢
has empirical risk less than Rg(h*)?

Pr{Rs(h") ~ Rs(h) > 0] = Prl(Rs(h") = Ro(h")) + (Ro(h*) = Rp(h) + (Ro(h) — Rs(k) > O
< Pr{(Rs(h") = Ro(h)) + (Ro(h) — Rs(h)) > €]
< Pr{Rs(h") = Rp(h") > /2] + Px{Ro(h) — Rs(h)] > ¢/2]

So it suffices to bound the probability that any hypothesis A € H has empirical risk that
deviates from its expectation by more than /2. Taking m = w, we have that for
any given h € H,
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Union bounding over all h € H then gives
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Therefore
I;r[RD(h) > Rp(h*)+¢e] <o
for the hypothesis h returned by ERM, and so ERM is a PAC learner. m
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